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The constrained Hartree—Fock method provides quantum-mechanically acceptable wave functions of an arbitrary
electronic structure without changing the molecular geometry. We have applied this method to the analysis of the behavior
of 7t electrons in benzene finding that there are two types of resonance energy, simple resonance between double bonds
and super-stabilization due to the topology of benzene, which were estimated as 54 and 168 kJ mol ™', respectively.
According to our method, 7t electrons in benzene were found to have a propensity for uniform distribution. Namely, the
Dy, distribution of 7 electrons gives the minimum values concerning both the 5-electronic and total energies, which are
brought forth by lowering the kinetic energy of @ electrons. The origin of delocalization of m electrons in benzene was
attributed to relaxation of the kinetic-energy pressure of 7 electrons.

Organic compounds have been classified into aliphatics
and aromatics. This style of classification goes back to
the early 1800s and is still effective today.” Aromatic com-
pounds have been characterized by the tendency to undergo
substitution reaction.? Such a characteristic is really appli-
cable to many cyclic conjugated compounds and has been
studied topologically” as well as by a variety of molecular
orbital methods.>™"

If atoms are arranged in an aromatic compound in such a
manner that they induce an appreciable amount of so-called
topological resonance energy, this kind of aromaticity is re-
ferred to as topological aromaticity. The stability of the
topological aromatics has been interpreted to be given by a
special arrangement of 7 electrons. the prototypical com-
pound is benzene.

A number of investigations, however, have thrown doubt
on the long-believed extra-stabilization of the st system in
benzene. A question came with the analysis of the zero-point
vibration in 1950. Horning pointed out the stable Kekulé
structure to explain the abnormally low force constant for
the B,, vibrations (here, the author seems to use the term
Kekulé structure for that of cyclohexatriene).? Namely, since
a force constant represents the curvature of the potential-en-
ergy function in the vicinity of the equilibrium configuration,
it was expected that when relatively stable configurations
with only slight differences in geometry exist the potential
energy would change slowly, giving rise to an abnormally
low force constant. Ten years later, Berry estimated the am-
plitude of motion for a carbon atom in the By, mode of the
zero-point vibration, obtaining a large figure, as much as
0.031 or 0.033 A, making him postulate that the 7 electrons
are not the major source of stability for the regular hexagon;
they might well have a lower energy if the ring approaches a

cyclohexatriene-like shape.”

More than 20 years later, this was examined by Shaik
and co-workers in a series of quantum chemical studies,'*'?
where the energy difference of m-electrons given by distor-
tion of the benzene geometry towards m-bond alternation
was analyzed (we call the analysis of energy components
of the total energy ‘the energy-component analysis’). The
investigation has also been followed by a number of differ-
ent workers."> ™' All results by them seem to support that
of the vibrational analysis and seem to question chemical
epistemology.'®® However, Baird'> showed a case in which
the conclusion was reversed. Meanwhile, Kollmar proposed
a method for direct calculation of resonance energy by sub-
stituting t MOs with localized ones obtained in another sys-
tem. According to this, a considerable amount of resonance
energy is figured out.'®

Glendenig et al. studied this problem.'” They found that
benzene favors a bond alternating geometry when its canoni-
cal w MOs are replaced by three localized ethylenic orbitals,
revealing that delocalization is largely responsible for the
equilibrium symmetric structure. In contrast, a 6—7 energy
partitioning analysis suggests that the ¢ framework of ben-
zene is responsible for the symmetric structure, the 7 sys-
tem preferring a distorted geometry. However, it is also
shown that the ;-energy component contains a sizable and
strongly geometry-dependent contribution from the localized
(Kekulé) wave function.

Our preceding paper shows that there are countless num-
bers of reaction coordinates for distortion that either lower
or increase the m-electronic energy.'® The minimum-energy
path (MEP) was found for the distortion from the Dg, to D3,
benzene and was not the one previously investigated. Along
such an MEP, the m-electronic energy was traced. However,
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the role of i electrons seems to be reversed, i. e., s-electronic
energy is most stable at the Dgj, symmetry.

Why did those conflicting results come out? Reviewing
the results so far reported, we noticed two problems. First,
we have discussed the benzene problem without a consensus
on the definition of ‘m energy’: according to this definition,
any conclusion may come out. It may, however, be at present
difficult, among researchers, to obtain a consensus on what 7

“energy is. Second, we are not very sure what we seek in the
benzene problems. That is, it is not very certain whether we
study the relationship between ‘7 energy’ and m-electronic
structure or ‘w energy’ and benzene’s geometry. As will be
stated, we can explicitly defined the m-electronic structure
and m-electronic energy. Therefore, as a new approach to the
benzene problem, we studied the relationship between the
7T — electronic energy as well as its partitioned energies and
7T — electronic structure.

Theoretical Strategies

As stated in the introduction, we have discussed the ben-
zene problem using concepts with ambiguous meaning. This
seems to cause some confusion in the interpretation of the
problem. Therefore, first we had better define or specify
the meaning of the terms which are used in the discussion.
Then we discuss the properties of wave functions that satisfy
the quantum-mechanical requirements. Further we will in-
troduce a method which measures the relationship between
various energies of s electrons and m-electronic structure
without changing the geometry of conjugated hydrocarbons.

Molecular System as a Mechanical System.  We are
dealing with the benzene or distorted benzene system that
is secluded from outer systems. In such circumstances, the
total energy (E) is the sum of the kinetic (T) and potential
energies (V) of the system considered.

E=T+V. (1)

In molecular orbital (MO) theories, T and V are given as
expectation values of the total wave function (¥') concerning
the corresponding operators and expressed as (7) and (V).
Thus, E is expressed as

E=(T)+(V). )

Any mechanical system must satisfy the following relation-
ship,

OE
(T)+E+ > R,z——=0, 3)
Z/% “ DR 5

where R is the internuclear distance between atoms « and f3,
and where the sum runs over all internuclear distances. This
is called the molecular virial theorem.'” It has been proven
that Eq. 3 is satisfied in the Hartree—Fock—Roohaan theory”
if the basis set is complete.?”

If the geometry of the system is optimized, the third term of
the virial theorem turns out to be null since E/OR=0 holds
concerning any nuclear center, giving simple and familiar
relationships,
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E+(TY=0 or (V)=-2(T). @

The wave functions of benzene at its optimized geometry
are required to satisfy Eq. 4. Most wave functions based on
a usual basis set do not meet this requirement. But as will
be discussed, the difficulty can be removed by the scaling
technique. We use the term ‘benzene’ when the geometry is
optimized, otherwise we call ‘distorted benzene’.

SCF Wave Function. Molecular orbitals are obtained by
solving the normal SCF equation.”” By artificially adjusting
coefficients of the basis functions, one may obtain the MOs
that give an arbitrary electronic structure. However, they are
not SCF wave functions. Here, ‘SCF’ has a special meaning.
The SCF wave functions are eigenfunctions of the considered
electronic structure and satisfy the variation principle

VY - Y+ AW = FE— E+AE,
where (5)
AE=0.

Here, ¥ is the total wave function. Equation 5 indicates
that the wave function is at an extreme point, i. e., the min-
imum or maximum or stationary point of E. It also means
that the total energy is not changed by a small change of
the wave function. Such wave functions are those for the
standing wave, which is a necessary condition for molecu-
lar orbitals to exist independently of time. In other words,
they satisfy the boundary conditions. One may obtain the
MOs that give an arbitrary electronic structure by changing
coefficients. However, only those which satisfy Eq. 5 are
acceptable because they are time-independent.

The Definition of the w-Electronic Energy and Its Com-
ponents.  The molecular energy under the Born-Oppen-
heimer approximation can be expressed in terms of four
energy components that can be clearly defined; Figure 1
shows such fundamental energy components. (7)), (Ven),
and (V) are the expectation values of the kinetic energy of
electrons, one-electron potential energy (attractive interac-
tion between electrons and nuclei), and two-electron poten-
tial energy (repulsive interaction between electrons), while
Van and Zy are the nuclear-repulsion energy and the number
of protons at nucleus A (angle brackets indicate expectation
values). The total energy (E) is expressed by,

E= Eel + VNN
E = (T) + (Vew) + (Vee) (6)

<I>
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Fig. 1. Fundamental energy components included in a
molecular system.
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where, E¢ is defined as ‘the total electronic energy’.

To study the role of & electrons in benzene, a convenient
method partitions E into the m-energy part (E,) and the skele-
tal part (E5') as in Eq. 7.

E=Ex+E,. )

This is possible because the SCF electronic wave function
(%) is a Slater determinant of molecular orbitals (MOs: 1)
expanded in terms of a linear combination of AOs (,) and
since the total bond order (Pr) is the sum of - (P%) and o-
bond orders (Py,) in a planar unsaturated hydrocarbon, Each
term in Eq. 7 is further partitioned into energies as follows.

En=(T)n+ (Ven)z + (Vee) o + (Vo) ®)

E:j——— <T>(y+<VeN>o+<Vee>6+<vrn>+VNN &)

where, (Vn—)=(Vs—y) is the electrostatic interaction be-
tween 1 and ¢ electrons. The term E; is defined as the 7t~
electronic energy.

Here, it should be pointed out that the ;-electronic energy
is distinguished from ‘7t energy’ that is calculated by a
MO theory. The m-electronic energy is one clearly defined
by Eq. 8, which includes the potential from nuclei as (Ven),,
and shield effects of ¢ and inner-shell electrons as (Vi ).
‘rt Energy’ by a t MO theory has been generally considered
to include the potentials from nuclei as shielded by ¢ and
inner-shell electrons. In this respect, ‘m energy’ and the -
electronic energy seem to be similar. However, the biggest
difference is that ‘w energy’ is independent of nuclear dis-
placement as seen in the Hiickel molecular orbital theory:
At present, there is not one accepted idea although some
proposals have been made.'%!>??

Those partitioned energies for 7 electrons are obtained as
expectation values by a general expression,

oce

(X)n :22220,*“"0;”‘ / 2 (DX p(dz
=> > PiX, (10)

where CV is the coefficient of y, at the ith T MO. X is the
operator of the corresponding energy ((T), (Ven), or {Vee)),
while X, is the element in its matrix form.

Geometry Contribution to Partitioned Energies. Ifthe
optimized geometry with the Dg;, symmetry was distorted to
the D3, symmetry to obtain the energy change of 7 electrons
caused by m-bond alternation in benzene, a severe problem
emerges, that is the third term of the molecular virial theorem
(Eq. 3) comes to play an important role that was not taken
into consideration at all in the previous studies.

As stated, if the geometry of the system is optimized con-
cerning all nuclear centers, the third term (which is often
called the virial term) turns out to be null to give the sim-
ple relationship, (T)+E=0 or equivalently (V)/(T)=-2,
where (V) is the expectation value of the potential energy
({Ven)+{Vee)+Vnn). This is reproduced in the Hartree—Fock
theory only when the basis set is complete.?? Otherwise, the
ratio shifts from —2. Because the T and V operators are
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of degree —2 and —1 in the coordinates of electrons, by
applying a universal scale factor (£) to the wave function,
one can obtain the simple virial ratio. At the same time,
however, the virial term for the unoptimized geometry can
also be made zero by applying £ to the total wave function
simply because of the degrees —2 and —1 for the 7" and V
operators: through a single £, the simple viral ratio can be
fulfilled for the wave function of both incomplete basis sets
and unoptimized geometry.

Pedersen and Morokuma studied how much the total en-
ergy and its components shift by scaling and found that the
total energy deviates in the second-order of the scale error y
(=& —1) while those in the partitioned energies do in the first-
order.” Actual deviations of the partitioned energies were
found to be from 10? to 10* times more than that of the total
energy.2+

The scale error appears when the geometry is not opti-
mized and the basis set is incomplete. Therefore, those shifts
expressed in terms of expansions of the scale error must be
regarded as the degree of shift given by a molecular distor-
tion as well as by the incompleteness of the wave function.
The former indicates that the conclusion concerning the role
of m electrons totally depends on how to select the reaction
coordinate of distortion. If the optimized geometry of ben-
zene is distorted, the third term becomes alive and goes partly
to the energy of the m system and partly to the o frame. This
can happen independently of the method of partitioning.

This discussion shows that the energy change of 7 elec-
trons obtained by a geometry distortion is not only given
by the change of the st —electronic structure but also by the
change of the geometry itself: Such an energy change is, in
fact, a mixture of changes by m-electronic structure and by
the o frame. Therefore, one cannot attribute it only to the
change of the st-electronic structure.

The Variational Space in Comparison of Energy. The
problem of the scale error reminds us to note that one must
keep the same variational space when the energies of canon-
ical electronic structures are compared. This practically cor-
responds to the fact that one must use the same basis set and
the same trial wave function in the SCF procedure. This
rules out the following method.

To reproduce a Kekulé electronic structure, a method may
be considered where interactions between AOs are forced to
be null. For example, by setting the elements between 2p
AOs of adjacent t bonds at zero (F; o120 =250,
see A in Fig. 2), the total energy may be increased. One
may consider such an increase as the conjugation energy
in benzene. This method, however, is not acceptable be-
cause the energy comparison is made in different variational

=F2,0,=0,

A B
Fig. 2. Kekulé structures of benzene.
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spaces: such an increase includes the effects from different
variational spaces.

Kekulé Electronic Structure. Kekulé structures of
benzene are expressed as A and B. Originally, Kekulé struc-
tures were considered to rapidly convert by a ‘mechanical
motion’.*® Later, the methods of quantum mechanics were
shown to be successful to account for the stability problem
of benzene: Both the molecular orbital (MO) and valence
bond (VB) methods?” are based on the Born—Oppenheimer
approximation. This inevitably makes one accept that such
a conversion is not the one of geometry but of electronic
structure.

We have to make clear what we are investigating to ac-
count for the stability problem of benzene: The relationship
between ‘m energy’ and the geometry of benzene or the rela-
tionship between ‘x energy’ and m-electronic structure. Most
researches would agree that we are supposed to look into the
relationship between ‘st energy’ and sm-electronic structure.
If so, we cannot distort the geometry of benzene to localize
7 bonds, since, as we have seen, the influence of geometry
distortion to ‘m energy’ is inevitable. Here, we use the term
‘Kekulé electronic structure’ for benzene with completely
localized m bonds, where the geometry is exactly the same
as normal benzene.

Constraint on n-Electronic Structure.
normalized as

(#’i*“/’i)nzzzcrmc?ismz 1, (€39

Each mt MO is

where S, is the element of the overlap matrix between AOs
X and y;. The m-Electron distribution between AOs y, and
X 1s described as

occ

2 Z C:mCZ-‘:iSrs = P:“:_YSI‘S' (12)

Here, P," is the element between ¥, and y; of the m-bond
order matrix.

Constraint on the m-electronic structure is equivalent to
seeking SCF it MOs that give a pre-determined st-electronic
structure. For example, to obtain the energies of non-con-
jugative benzene (Kekulé electronic structure), we look for
the SCF w MOs which reproduce every other P,;™ being zero
(P1,=P%,=P5=0).

How to Obtain SCF Wave Functions of the Pre-deter-
mined Electronic Structure. From above discussion,
the benzene problem is reduced to how to obtain the SCF
wave functions that reproduce the pre-determined st-elec-
tronic structure without changing the variational space and
the geometry of benzene.

In 1963, Mukherji and Karplus introduced the constrained
variation method in molecular quantum mechanics.”® The
purpose of this theory was to obtain a wave function that is
constrained to give the known theoretical or experimental ex-
pectation values of operators rather than the total energy. The
method was generalized by Brown,? and was applied to the
SCF theory. We found that the total energy of nonresonating
cyclohexatriene can be obtained by solving the constrained
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Hartree—Fock (HF) equation, replacing the constraints for
the desired expectation values to those for canceling delocal-
ization of the 7t electrons on resonating bonds.*”

Constrained Hartree—Fock Equation. Inclusion of
constraints in the SCF variational procedures results in a
slight modification in the ordinary SCF equation. Such an
equation was derived by Bjornd in the early 1970s for the
constraints that yield accurate expectation values for physi-
cal properties.>" The logic of our method is essentially the
same, although the constraints of this method are not to give
the desired expectation value for a physical property but to
control the distribution of 7 electrons on (a) certain bond-
(s). The detail of the derivation has been presented in our
previous paper’® and here only the resultant equations are
shown.

Prszzoccc;kiciz 9
{ 2 P (13)

(F+1)C=¢'SC.

Here, F, C, and S are matrices of Fock operator, MO (1)
coefficients, and overlap integrals while &’ is the fictitious
orbital energy associated with . Matrix, A, is a parameter
that constrains the electron distribution to be controlled. The
bond-order (P,;) between atomic orbitals (AOs) r and s is a
function of A,,, an element of A, where the A, value is so cho-
sen that P,; becomes null (p=0) to cancel the delocalization
between AOs r and s.

How to Realize the Concept of Canonical Structure in
Conjugation Using the Constrained HF Method.  Let
us examine the concept of conjugation in organic chemistry,
taking butadiene for example. Conjugation is expressed as
A in Fig. 3. To express A, canonical structures B, C, and D
are used. The resonance energy corresponds to the energy
difference between A and B, where the geometry difference
between those structures is not taken into account. Delocal-
ization between two double bonds is expressed by superpo-
sition of B, C, and D in which double bond(s), cation, and
anion are isolated. Such structures are, of course, hypothet-
ical and are introduced to understand conjugation in terms
of chemically-expressible structures. The problem is how to
realize this image in terms of the Hartree—Fock—Roothaan
theory. For the reality is that all 2p AOs that consist of the
7t system interact with each other, not only adjacent orbitals
but also those at a distance.

A Hartree—Fock calculation, independent of the adopted
basis set, reproduces well such a normal electronic structure
as A in which long-range interactions are small enough to
be ignored. However, a difficulty may appear when adjacent

A
©
NN SN @\/\9
B C D

Fig. 3. Canonical structures in butadiene.
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interactions are forced to stop to create B. When the current
of m-electrons between two double bonds is nullified, the
electrons would find other paths to delocalize themselves.
As a result, nonbonding interactions are increased. This
happens in the constrained HF method and may be a natural
outcome due to the nature of electrons.

Table 1 shows long-range interactions of 7 electrons in
terms of kinetic energy and its change by constraint of the
m-electron flow between C, and C; in butadiene, where we
adopted single zeta STO-3G* and split-valence 4-31G*
to see the difference. Interactions between outer orbitals
are generally stronger than that between inner and inner or
between outer and inner orbitals. Such outer interactions are
greatly increased by constraint of the si-electron flow between
double bonds. From the table, we may guess that the more
flexible the basis set, the more long-range interactions are
intensified. This may be natural because outer functions are
close to each other.

There are two ways to represent B by the constrained
Hartree—Fock method: (1) to constrain all interactions ex-

Table 1. Long-Range Interaction of it Electrons in Terms
of Kinetic Energy and Its Change by Constraint (trans-
Butadiene)®

C/Cs—i Ci_o Ca/Cs—; C4_o REY
STO-3G
Cy: SCF 0.7 0.4 16.8
A9 0.1 —-0.2
4-31G
Ci_i: SCF 0.1 0.4 0.0 02 124
A 0.1 —0.1 0.0 —-0.1
Ci_o: SCF 0.3 —1.7 0.2 1.2
A 0.1 04 —0.1 —0.3
a) InkImol—!. b) Calculated resonance energy (Econstrained

ESCF in kimol—'). ¢) Change given by constraint on the -
electron flow between C, and C3.

N N
Cy

a: Single constraint

Fig. 5.
and degrees.
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cept the bonding 2p orbitals and (2) to use such a rigid basis
set as the single-zeta basis set. The difficulty of the former
method is that a large number of constraints must be adopted
to express a pure canonical structure. For example, to express
B using the 4-31G basis set,16 (=n xm, n: number of split-
valence, m: number of interactions to be canceled) interac-
tions must be canceled. Such a calculation is impractical in
usual molecules.

The latter is to make use of the rigidity of the basis set,
where long-range interactions are limited due to inability of
swelling of the basis function. From Table 1 it is seen that
changes of long-range interactions given by 4-31G are 1.5
to 4 times larger than those of STO-3G. This is because in
4-31G, long-range interactions are intensified by constraint,
resulting in delocalization of  electrons through space.

Geometry Change by Constraint. Now let us look
at how the geometry of benzene with the D¢, symmetry
is changed by constraints. Two types of constraints were
considered to figure out resonance energies. They are shown
in Fig. 4. A single constraint indicates only one resonating
bond being nullified while a triple constraint shows that three
resonating bonds are constrained at the same time.

Geometry optimization of benzene by STO-3G gives the
D, structure with the bond lengths of 1.38679 A (C—C) and
1.08261 A (C-H). This is denoted as Gy. Resonance in ben-
zene can be interrupted by a constraint on the si-electron flow
to give a cyclohexatriene. Geometry optimization of such

2 <

single constraint triple constraint

Fig. 4. Two types of constraints on m-electron flow.

H
H '1}7{ G -
mz}q/mw\ /
_) G
120.0
1.5043

) /Ce\c / 4\H

H

Dsy,

b: Triple constraint

Optimized geometries of single-(SCC) and triple-constraint cyclohexatriene (TCC). Bond lengths and bond angles are in A
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cyclohexatriene gives a different structure (G;). Figure 5-a,
Fig. 5-b are the optimized geometries for single- (SCC(Gy))
and triple-constraint cyclohexatriene (TCC(Gy)).

As seen in the figure, bond lengths for single and double
bonds reasonably reproduced as those of the usual single
and double carbon-carbon bonds. Single constraint gives
the cyclohexatriene without resonation at C;—Cg (Fig. 5-
a), Comparison with that of benzene shows that resonating
single and double bonds are, respectively, shortened and
lengthened. However, the constrained bond (C;—Cg) is short
if compared with the isolated C—C bond between double
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bonds. This and the fact that the inner angles are not exactly
120° indicate that there is a kind of strain in the skeleton. As
will be quoted, this may slightly affect the resonance energy.

How Coefficients of x MO’s Vary by Constraint. Ta-
ble 2 shows coefficients of m MOs of benzene, single-con-
straint cyclohexatriene at Gy and G,, triple-constraint cy-
clohexatriene at Gy and Gy, and hexatriene. The constraint
was put on C;—Cg in single constraint or on C;—Cg, C,—C3,
and C4—Cs in triple constraint. Single constraint on benzene
is expected to give a hexatriene-like 7 electronic structure.
This is easily ascertained by comparing the signs and ab-

Table 2. Coefficients of Tt MOs of the Normal and Constrained Solutions in Benzene, Cyclohexatriene, and

trans-Hexatriene

Ea) C] C2 C3 C4 C5 C6
Benzene
—0.46090 ay, 0.33333 0.33333 0.33333 0.33333 0.33333 0.33333
—0.28265 e 0.20163 0.52648 0.32485 —0.20163 —0.52648  —0.32485
—0.28265 ey 0.49152 0.07114  —0.42038 —0.49152 —-0.07114 0.42038
0.27076 ez 0.50983 —0.61749 0.10766 0.50983 —0.61749 0.10766
0.27076 ez 0.41867 023219  —0.65086 0.41867 0.23219  —0.65086
0.50910 by 0.52439  —0.52439 0.52439  —0.52439 0.52439  —0.52439
Single constraint (Go)
—0.44668 a, 0.21210 0.34508 0.41717 0.41717 0.34508 0.21210
—0.26657 by 047127 0.44450 0.16209  —0.16209 —0.44450  —0.47127
—0.27243 a, 0.42085 0.23597 —0.44866  —0.44866 0.23597 0.42085
0.26515 b, 0.58542  —0.29436  —0.46443 0.46443 0.29436  —0.58542
0.26876 ay, 0.45770  —0.60955 0.32720 0.23720  —0.60955 0.45770
0.48010 by 032732 —0.52250 0.65574  —0.65574 0.52250  —0.32732
Single constraint (G;)
—0.44431 a, 0.24713 0.34119 0.40153 0.40154 0.34119 0.24713
—0.28906 b, 0.45839 0.45474 0.12423 —0.12422  —0.45474  —0.45839
—0.28846 a, 0.38608 0.23900 —0.47042  —0.47042 0.23899 0.38607
0.28235 b, 0.54397 —0.29830 —0.51613 0.51613 0.29829  —0.54397
0.28691 a, 0.49059  —0.61045 0.18454 0.18453 —0.61045 0.49059
0.48434 b, 0.38151 —0.51065 0.63454  —0.63454 0.51065 —0.38151
Triple constraint (Gy)
—0.44798 ay, 0.33333 0.33333 0.33333 0.33333 0.33333 0.33333
—0.26132 ¢ 0.28117 0.20877 —0.54981 —0.54492 0.26864 0.33614
—0.26132 ¢ 0.47253 0.50868 0.00723 —0.07354  —-0.47977 —0.43514
0.25200 e 0.49970  —0.62535 0.10237 0.17838 —0.60207 0.44697
0.25200 e 0.40671 —0.15507 —0.63611 0.61910 0.22940  —0.46404
0.49724 by, 0.52439  —0.52439 0.52439  —0.52439 0.52439  —0.52439
Triple constraint (G;)
—0.44282 ay, 0.33514 0.33514 0.33514 0.33514 0.33514 0.33514
—0.289%41 ¢ 0.41114 0.36430 —0.50664  —0.52549 0.09550 0.16119
—0.28941 ¢ 0.34764 0.39646 0.18224 0.11727  —0.52988 —0.51372
0.28275¢ 0.36669 —0.52588 0.28557 —0.07368 -0.65226 0.59956
0.28275e 0.54146  —0.38869 —0.58829 0.64977 0.04683 —0.26108
0.49121 by, 0.52312  —0.52312 0.52312  —0.52312 0.52312  —0.52132
Hexatriene
—0.42082 a, 0.23864 0.33167 0.43040 0.43040 0.33167 0.23864
—0.34887 b, 0.42150 0.44826 0.11229  —0.11229  —0.44826 —0.42150
—0.24544 a, 0.41910 0.27840  —0.44665 —0.44665 0.27840 0.41910
0.22065 b, 049216  —0.31380  —0.50906 0.50906 0.31380  —0.49216
0.35051 a, 0.54827 —0.60306 0.17635 0.17635 —0.60306 0.54827
0.45213 b, 0.33650  —0.50236 0.64347  —0.64347 0.50236  —0.33650

a) Corrected orbital energy (au).3!
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solute values of hexatriene with those of single-constraint
cyclohexatrienes at Gp and Gj.

Triple constraint gives nonresonating cyclohexatriene; it
may be supposed that this gives triply degenerative ethylene-
like m systems. However, this is not true since there exist
through-space interactions between ethylene units resulting
in two pairs of doubly-degenerated ;t MOs like those in ben-
zene. One may see that the T bond-orders of C;—C¢, C,—C3,
and C4—C;5 are all null.

Thus, one may understand that the constrained HF method
creates the MOs with coefficients that make the specific bond-
order zero. An important point is that they are obtained by
the variational principle with respect to the total energy.
That is, they are eigenfunctions of the Hamiltonian of the
pre-determined electronic structure.

Influence of the Scale Factor on the Partitioned Ener-
gies. If the adopted basis set is complete and if a geometry
is optimized with respect to any nuclear coordinate, the virial
ratio, (V)/(T), must be exactly —2 according to the quantum
mechanical virial theorem for molecules.!” Most basis sets,
such as STO-3G, do not meet this requirement even if the
geometry is strictly optimized. However, it can be met by
using a universal scale factor, £; this parameter for a usual
wave function shifts from 1 to satisfy the simple ratio. As
stated, the changes of E, (T), and (V) of the unscaled wave
function from the scaled one can be expressed in a power se-
ries of the scale error, ¥ (=£ —1), to show that the deviation
of the total energy is in the second order while those of (T)
and (V) are in the first order.”” The energy components are
supposed to include a large amount of shift; partitioned ener-
gies largely depend on the scale error of the wave function.
Therefore, one must use the scaled wave function or care-
fully examine the effects of the scale factor before energy-
components analysis is done.

We optimized of £ on benzene, obtaining £ =1.004566.
Table 3 shows the total and partitioned energies by the usual
wave function based on STO-3G and those by the scaled wave
function. The virial ratio by the unscaled wave function was
—2.008093, which was improved to —2.000001 by scaling.

Table 3. Changes of Energies by Scaling”

Unscaled Scaled? AE
Virial ratio 2.008093 2.000001
E —227.891360” —227.895534" —11.09
VaN 204.532841 205.013523 1262.0
(T) 226.061948 227.895367 4813.6
{Ven) —939.897167 —942.988423 —8116.1
(Vee) 281.411017 282.184000 2029.5
{T)n 7452712 7.523611 186.1
(Ven)= —85.393002 —85.671476 —731.1
(Veedn 4.329395 4342673 34.9
(T)o 218.609236 220.371756 4627.5
(Ven)o —854.504164  —857.316948 —7385.0
(Vee)s 209.852511 210.409816 1463.2
2% (Vee)no 67.229110 67.431510 531.4
a) STO-3G. b) Inau. c) In kimol™'. d) Scale factor
£=1.004566.
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Since { is one of variational parameters, the total energy
is Jowered by 11 kJmol~! by scaling. Look at the energy
components. Deviations of those energies are several hun-
dred times larger than that of the total energy. This is because
the deviations of (T) and (V) (=(Ven)+{Vee) +Vnn) are given
by the first order of . Now let us consider the case when
E is partitioned into E; and E., according to Eqs. 8 and 9.
The deviations for them are substantial enough to be —244.4
and 233.4 kI mol~!, respectively. These facts indicate how
important the scaling of the wave function is in the analysis
of the components of the total energy.

Next let us examine how the scaling affects those energy
changes by constraint. The energy differences in the vertical
and adiabatic processes are calculated by both scaled and
unscaled wave functions and are shown in the columns under
AE'™ of Table 4. It is found that the differences in the
vertical process are almost the same in both single and triple
constraints as found in linear polyenes.?” This is because
the incompleteness of the basis set is not changed between
them. That is, the deviations caused by the scale error are
canceled out by taking the differences between the normal
and constrained solutions. Thus, we may use unscaled wave
functions for further discussion.

Results and Discussion

Does Super Stabilization Energy Exist in Benzene?
The resonance energy in benzene consists of three units of
resonance energy between double bonds (Er) and, if it exists,
super stabilization energy (Es) due to the topology of ben-
zene. We will figure out those energies using data in Table 4.
We use unscaled wave functions. The vertical single con-
straint raises the total energy by 222 kJmol~! while triple
constraint does 330 kJ mol~—!. The total energy of benzene is
stabilized by delocalization of & electrons by such amounts.
Simple arithmetic indicates that the energy needed for break-
ing one resonation between double bonds (denoted as E™) is
54 kI mol~! and the super stabilization energy (EX™) is 168
kJmol~'. These values seem to be very large. However, this
is understood as the bond length in benzene is substantially
shorter than the single bond between two double bonds, like
one in hexatriene.

Let us look at the changes of partitioned energies. In both
single and triple constraints, the st part of the energy com-
ponents vary greatly while the change of the o part is from
one twentieth to one fiftieth. This is because the skeleton is
maintained in the vertical process. A major increase appears
in the kinetic energy of 7 electrons while a major decrease
does in the one-electron potential energy of w electrons. It is
interesting that the next major increase is given by the -0
interaction energy, indicating that the energy of & electrons
is greatly changed through this term when the geometry is
changed.

Does Super Stabilization Energy Exist in Cyclo-
hexatriene? Table 4 also shows the energy changes
from Dgy, benzene to cyclohexatrienes. The adiabatic process
gives energy increases of 128 and 181 kJ mol~! by single and
triple constraints. This indicates that the adiabatic resonance
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Table 4. Changes of Energies by Constraint”

AEverl AEﬁdia

Single Triple Single Triple
E 221.99 (224.5%9) 329.59 (333.5%9) 128.0% 180.5Y
Van 0.0 (0.0 0.0 (0.0 —41220 —5693.3
(T) 4324  (435.6) 683.9  (689.3) 219.7 333.9
(Ven) —381.2 (—3826) —602.7 (—605.0) 7904.8  10889.7
(Vee) 1708 (171.4) 2482  (249.1) —38744 —5349.8
(T)x 4404  (444.1) 698.6  (704.5) 313.1 4525
{Ven)n —404.3 (—406.2) —640.7 (—643.9) 718.4 963.6
(Vee)n —57 (=57 —339 (=34.1) —1264  —1812
(T)o —81 (-84 ~146 (=152 -934  —1182
{Ven)o 23.1  (23.6) 380 (389 7189.4 9926.1
(Vee)o —11.5 (=117 ~19.6 (—19.9) —29922  —4138.9
2% (Vee)on 187.9 (188.8) 3017 (303.1) —755.9 —1029.6

a) STO-3G. b) In kimol~}.
function (£ =1.004566).
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Fig. 6. Change of the total energy as a function of the m-

bond order (Pyy). At P7,=0.50446 (bottom), there is no
constraint against the m-electron flow. Note that at the
uniform delocalization of & electrons, the total energy as
well as E;; and EJ are all minimum.

energy per resonation (E&2) is 26 kJmol~! and the super-
stabilization energy (E"S‘dia) is 102 kImol~'. The E&li2 value
has been calculated to be 20 kJmol~! in linear polyenes.>"
The difference may be caused by the skeletal distortion in
the resonating cyclohexatriene (SCC, see Fig. 6-a). The total
energy of a is made higher because of skeletal distortion.
The adiabatic process changes both ¢ and i energies by
large amounts. The greatest change appears in the potential
energy due to the geometry change. Although it is difficult

c) Values in parentheses are the results by the scaled wave

to interpret the behaviors of all of the partitioned energies,
two items must be pointed out: (1) The kinetic energy of
the 7 electrons is a steady contributor to the increase of the
total energy. (2) The o-m interaction energy (Es—y) plays
substantial roles when the total energy is partitioned into ¢
and 7 energies. The adiabatic process involves a geometry
change. Therefore, this is direct evidence for our insistence
that the energy of & electrons is greatly changed through the
o—T interactions when the geometry is changed.

Do = Electrons in Benzene Have a Distortive Propen-
sity?  As we saw, one cannot investigate the energetics of
7 electrons by changing the geometry simply because most
of the change concerning the 7 electrons is given by that of
the geometry directly through nuclear coordinates and indi-
rectly through the (Vee), . and (Vee),_, terms. What we
are looking for is the relationship between the energy and
electronic structure in 7t electrons where it is shown by the
virial theorem that the geometry must not be changed.

Figure 6 shows the relationships between energies and
m-electronic structure in triple constraint, where at P7, =0,
the system corresponds to the nonresonating cyclohexatriene
with the geometry of benzene. At PT,=0.50446 (bottom),
there is no constraint of the m-electron flow, the value of
which is exactly equal to that of benzene. This indicates
that the uniform (Dgj,) distribution of st electrons in ben-
zene produces the lowest total energy, Er, and even Ej: any
D3, distribution of 7t electrons causes higher energies. This
simply indicates that ; electrons in benzene do not have what
is called a distortive propensity at all at this geometry.

Figure 7 shows the changes in the kinetic energy of o
electrons ((T),) and w electrons ((7),) as functions of 7-
bond order, P%. The behaviors of partitioned energies are
suggestive. The change of (7). exactly accords with that
of the total energy assuring that resonance is given by the
lowering of this term. On the other hand, (T); behaves
against that of (7)_ : This could be regarded as a minor
phenomenon since the energy scale is around one-fiftieth.

Figure 8 shows changes of potential energies for o (V=
(Ven) g+ (Vee),) and 7 electrons (Vy=(Ven) ;+(Vee),,) and the
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Fig. 7. Changes of the total (E), kinetic energies of o-elec-

trons, Eg (=(T),), and mi-electrons, E;, (=(T),) as functions
of m-bond order, Pys.

o-m interaction energy ((Vee) —;+(Vee)y—y)- AS commonly
observed, potential energies behave against kinetic energies.
The o—m interaction energy has the minimum at the uniform
electron distribution. Among the changes of partitioned en-
ergies, those of 7 electrons are major contributors because of
the constraint being put on the m-electron flow. Behaviors of
those partitioned energies are explained as follows: delocal-
ization of r electrons lowers the kinetic energy, i. e., release
of the kinetic-energy pressure® causes delocalization of 7
electrons. Such delocalization raises the potential energy of
7 electrons because 7 electrons are distributed much farther
from nuclei. It also minimizes the o— interaction energy
(since o electrons are mostly distributed near the nucleus).
Now, we might have an answer to the title question: The
7T electrons in benzene are the most stable at their uniform
distribution.

Concluding Remarks We thought that it would be nice
if we could calculate the molecular energies of a pre-deter-
mined electronic structure, since it directly makes clear the
relationship between them. If a method for this is estab-
lished, important problems of organic chemistry would be
solved. The prototypical example is benzene. Benzene has
particular properties very different from other unsaturated
hydrocarbons. Organic chemists have explained them as the
character of m electrons in the cyclic-conjugate structure.

To understand such a behavior of i electrons in benzene,
it was necessary to disturb the 5 electronic structure since
examining the change of the m-electron energy by such a
disturbance seemed to reveal its role. To this end, the geom-
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and o interaction energy (Eo—n(=(Vee),—,,)) as functions
of Pys.

etry of benzene was changed. The pitfall of this method is
that the change of energy includes contributions both from
the electronic structure and from the geometry, since 7 and
o electrons are strongly correlated and all electrons move in
the field created by nuclei; consequently, the change of &
energy is a mixture of those of the 5t system and the ¢ frame.

The constrained Hartree—Fock method provides quantum-
mechanically acceptable wave functions of an arbitrary elec-
tronic structure without changing the molecular geometry.>”
Analysis of energy changes by this method can be purely
attributed to the change of the electronic structure. Applica-
tion to benzene led to the conclusions that (1) the resonance
energy in benzene consists of three units of the resonance
energy between double bonds (ER) and super stabilization
energy (Es) due to the topology of benzene, which were esti-
mated as 54 and 168 kI mol !, respectively. (2) m Electrons
in benzene have a propensity for uniform distribution at its
geometry. (3) The Dg, distribution of s electrons in ben-
zene gives the minimum values of both the & electron and
total energies, which are brought forth by the lowering in the
kinetic energy of m electrons.

A large amount of research on aromaticity based on the
Hiickel molecular orbital theory led to the conclusion that
there is a quantitative relationship between the Hiickel energy
and the topological aromaticity. It was also shown that the
Hiickel energy quantitatively represents the amount of kinetic
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energy of 7 electrons in linear and cyclic polyenes.* Thus, it
may be a natural consequence that both vertical and adiabatic
resonance energies are given by relaxation of the kinetic-
energy pressure® of i electrons.

This research is supported by The Otani Research Prize.
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